We discuss 2-dimmensional non-linear σ-models on the Kähler manifold G/H in the first order formalisim. Using the Berkovits method we explicitly construct the G-symmetry currents and primaries, when G/H are irreducible. It is a variant of the Wakimoto realization of the affine Lie algebra using a particular reducible Kähler manifold G/U (1) r with r the rank of G.
The Berkovits formalism for the superstring [1] is expected to be a new way which overcomes the long-standing problem of the Rammond-Neveu-Schwarz(RNS) and GreenSchwarz(GS) formalisms. The right-moving contribution of the GS superstring action was put in the linealized form
After the Wick rotation the SO(10) currents are given by M mn = 1 2 ργ mn θ in this formalism, while they are given byM mn = ψ m ψ n in the RNS formalism. There is a crucial difference between the OPE's of both currents. To cope with this discrepancy Berkovits added a bc system [2] taking the form
Here u ab are the coordinates parametrizing the coset space SO(10)/U(5) and belong to 10 of U(5) and γ is a bosonic ghost. v ab and β are their canonical conjugate momenta for the respective quantity. He constructed new SO (10) currents N mn by using this bc system, so that the modified SO(10) currents M ′mn = 1 2 ργ mn θ+N mn have the same OPE's asM mn = ψ m ψ n . Moreover the combined theory given by S + S ′ is free of conformal anomaly. Quantization of the superstring is done by studying the BRST cohomology. To this end the pure spinor λ α ∈ 16 of SO(10) satisfying
plays an essential role. Decomposing 16 under U(5) as 1 + 10 + 5 we can solve this equation [1, 3] by using the fields of the bc system (2) as
The OPE's N mn (z)λ α (w) yield the correct SO(10) algebra only if the bosonic ghosts are fermionized as β = ∂ξe −ϕ and γ = ηe ϕ . In short, the point of the Berkovits formalism is to construct the currents N mn of weight 1 and the primaries λ α of weight 0, belonging to 45 and 16 of SO(10) respectively, by using the bc system which manifests the U(5) symmetry alone. We note that SO(10)/U(5) is a Kähler coset space. The construction may be generalized with the general Kähler coset space G/H, though our concern deviates from the central issue of the formalism about the superstring. It is a variant of the free field realization of the WZWN model with G symmetry, which is called the Wakimoto realization of the affine Lie algebra of G. The Wakimoto realization itself was well studied by many people [4, 5] . Nonetheless in this letter we pursue the study using the Berkovits method for the following reasons. Firstly in [4, 5] the affine Lie algebra of G is realized by using the bc system
in which ∆ + denotes the set of positive roots for the Lie algebra and r is the rank of G. The fields q α parametrize the Kähler coset space G/U(1) r . Instead we use the bc system (2) in an extended form so as to parametrize the general Kähler coset space G/H Secondly in [4, 5] the explicit formulae for the G-symmetry currents were given for those corresponding to the positve or negative simple roots, but for other currents they were yet implicit. Thirdly the G-symmetry primaries were not discussed in [4] . In [5] they were discussed, but the construction was based on G/U(1) r and not so explicit as (4) . The final reason of the study is that we consider the bc system (2) or (5) as a non-linear σ-model on G/H formulated in the first order. Then we can see a close relationship between the G-symmetry currents and the Killing potential which exists for the general Kähler coset space G/H. The Kähler geomery underlying in the the affine Lie algebra of G is different depending on which subgroup H is taken.
The aim of this letter is to give an explicit and simple construction of the G-symmetry currents and primaries, by parametrizing the Kähler coset space G/H in the case where it is irreducible. As for the G-symmetry primaries we are interested in those of weight 0. It suffices to find them in the fundamental representation (or the spinorial representation for G = SO(n)). Then those in any other representation can be constructed by tensoring them. We would like to stress on the fact that the resulting primaries satisfy the Gsymmetry algebra only if the bosonic ghosts are ferminized according to Berkovits. At the end of the letter it will be pointed out that the Kähler geometry of the affine Lie algebra is useful to study the non-commutative geometry.
We start with a brief summary of the Kähler geometry. Consider a real 2N-dimentional symplectic manifold M with local coordinates (
). The line-element and the symplectic 2-form respectively given by
We write the world-sheet action of a non-linear σ-model on M as
M is a Kähler manifold if the 2-form ω is closed and there exists a complex structure
Then (6) and (7) are reduced to
and
in which q α and qᾱ are complex coordinates obtained by complexifying x i by the projectors (1 ± J) j i respectively. The closure of ω given by (8) implies the existence of a Kähler potential K such that
If the Kähler manifold M is a coset space G/H, there exists a set of holomorphic Killing vectors R Aα satisfying
Here L R A is the Lie-derivative with respect to R Aα and f ABC are the structure constants of the symmetry group G. Owing to (11) the action (9) is invariant under δq α = ǫ A R Aα and δqᾱ = ǫ A R Aᾱ with infinitesimal global parameters ǫ A of the G-symmetry. But it is not conformally invariant. This model may be put in the first order formalism as
by setting g αβ ∂qβ to be a world-sheet vector p α . Then the action (12) is conformally invariant. It has also the G-symmetry under δq α = ǫ A R Aα together with
The Noether currents for the G-symmetry take the form
Owing to (10) they transform as the adjoint representation of G:
by the G-symmetry transformations δq α and δp α above mentioned. This classical argument no longer holds at the quantum level. Namely, if the G-symmetry is correctly realized at the quantum level, with the free field OPE
one should check that
Here k is some constant and g AB is the Killing metric of the symmetry group G. But the OPE of the currents (13) takes the form
with the simplified notation R Aα (z) ≡ R Aα (q(z)). In general we have neither
so that the G-symmetry is broken at the quantum level. To recover the G-symmetry we use the Berkovits method. Namely we generalize the action (12) introducing the bosonic ghosts fields β and γ
We modify the G-symmetry currents by adding terms of weight (1, 0) as
Here F A and G A are holomorphic functions of q α . The question is whether they can be determined so that the modified currents satisfy the algebra (15) . Lets us check it using (14) and
We then find that
in which
The condition for this to satisfy (15) is
We may identify the holomorphic functions F A with those appearing in the Lie-variation of the Kähler potential
modulo a multiplicative constant. Such functions indeed satisfy the condition (17) for the Kähler coset space in general [6] . As for the other holomorphic functions G A , we propose that
We now show that the conditions (18) 
with some constants t and s depending on the representation of G. The local coordinates of the coset space q α and qᾱ correspond to the generators X α andX α respectively. From now on we change the notation of qᾱ asq α in accordance with that ofX α . Therefore raisng or lowering the tensor indices should be done by writing the metrics g explicitly. Simple algebra gives
The quantity M βδ αγ plays a key role in the method and has a remarkable property. It is summarized by the statement that
is completely symmetric in the indices (α 1 , α 2 , · · · , α n , β n ), whenenver it is completely symmetrized in the indices (γ 0 , γ 1 , · · · , γ n ), and vice versa. For the case of n = 1 we have M Aα are given [7] by
The Kähler potential is also given by 
From this we can find the holomorphic functions F A in (16) to be
Here r is a real constant. There is a classical argument to determine this U(1) part for the general Kähler coset space [9] . But at the quantum level we let it be arbitrary as suggested by the Berkovits method [1] . With (21), (24) and (25) the currents J A ≡ {J α , J α , J i , J} , proposed by (16) , take the form
Here A, B and C are constants to be determined from the current algebra (15) . We have checked that these currents indeed satisfy (15) with
and the Killing metric g AB read from the Casimir of the Lie algebra (22)
Now we shall find a set of primaries φ I with conformal weight 0 which transforms as the fundamental representation of G
Primaries in any other representation can be constructed by tensoring them. Our conjecture for φ I is that
in which φ a 's are holomprphic functions q α and irreducible components in the decomposition under the subgroup H:
It is a homogeneous part of the algebra (27). Such irreducible componets can be easily constructed as J i is given linearly in p α and q α . But they fail to satisfy the coset part of the algebra (27). Here we again have recourse to the Berkovits method. We fermionize the ghost pair as β = ∂ξe −ϕ and γ = ηe ϕ [2] with
In (26) and (26) we replace the quantity βγ by
with the constants obeying
Then the replacement does not change the OPE
Consequently the G-symmetry currents algebra equivalently holds because βγ in the currents (26) takes part in the algebra through this OPE. However in the algebra (27) it does through βγ(z) · γ(w). The fermionization changes this OPE as
Note that the condition (30) leaves a freedom still to fix the factor a + b in this equation. We claim that the algebra (27) with J A = J α , J is recovered by choosing it appropriately. Indeed Berkovits constructed the SO(10) pure spinor λ α on the Kähler coset space SO(10)/U(5) in the form (4) by using this fermionization of β and γ [1] .
In this paper we give other examples to support the conjecture (28). The first example is the coset space SU(n + 1)/{SU(n) ⊗ U(1)} [10] . The generators of SU(n + 1) are decomposed as
The Lie algebra takes the form
From which we find M
The quantity φ I in the fundamental representation of SU(n + 1) transforms as
The currents corresponding to (32) are given by
They satisfy (26) with
and the Killing metric g AB taken from the Casimir of the Lie algebra (33)
We propose the form of the primary fields in the fundamental representation of SU(n + 1) as
We find that they satisfy (27) with the coefficients taken from (34) if −(a + b)A = i in the replacement (29). The second example is the coset space E 6 /{SO(10) ⊗ U(1)} [8] . The generators of E 6 are decomposed as {X α ,X α , H mn , Y } The Lie algebra takes the form
Here γ mn are the SO(10) generators in the spinor representation. In the Majorana-Weyl representation the SO(10) Dirac matrices Γ m are given by
The Clifford algebra takes the form
, and the SO(10) generators are given by either of
The SO(10) currecnts are given by
We can check that they satisfy the algebra (15) with
and the Killing metric g AB read from the Casimir of the algebra (36).
The fundamental representation of E 6 is 27, which is decomposed under SO(10) as 1+16+ 10. Correspondingly we have the the primaries in this representation as φ I = {φ, φ α , φ k }. The transformation law under E 6 is given [11] by
[Y,
The Jacobi identity for the transformation law can be checked by means of the fromula 
satisfies the algebra (27) with the coefficients f AI J taken from (37) if −(a + b)A = 2i in the replacement (29). This expression itself was found in [12] without quantization for discussing other physics.
To conclude our arguments some comments are in order. The form of the G-symmetry currents in (16) was inferred from the Killing potentials
which exist for the general Kähler coset space and satisfy the Lie algebra of G
Here K is the Kähler potential and F A are the holomorphic functions F A found from (20) [6] . The Kähler 2-form (8) can be put in the form ω = dp α ∧ dq α ,
In this letter the G-symmetry currents have been explicitly given for the irreducible Kähler coset space G/H as (26). The G-symmetry primaries could not be given in such a general form because the decomposition (28) under the subgroup H varies from case to case. But we are sure of being able to construct them explicitly for other types of the irreducible Kähler coset space. The construction may be extended to the reducible Kähler coset space G/{S ⊗ U (1) k } [9, 15, 16] , of which extreme case G/U(1) r is the flag manifold used for the Wakimoto realization of the Lie algebra of G. The study is undergoing.
